Some connections between an operator and its Helton class  by Kim, Insook et al.
J. Math. Anal. Appl. 340 (2008) 1235–1240
www.elsevier.com/locate/jmaa
Some connections between an operator and its Helton class ✩
Insook Kim, Yoenha Kim, Eungil Ko ∗, Ji Eun Lee
Department of Mathematics, Ewha Women’s University, Seoul 120-750, Republic of Korea
Received 5 March 2007
Available online 14 September 2007
Submitted by M. Putinar
Abstract
In this paper we show that the nilpotent perturbation of operators in the Helton class of p-hyponormal operators has scalar
extensions. As a corollary we get that the nilpotent perturbation of each operator in the Helton class of p-hyponormal operators
has a nontrivial invariant subspace if its spectrum has nonempty interior in the plane.
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1. Introduction
Let H be a complex (separable) Hilbert space and let L(H) denote the algebra of all bounded linear operators
on H . If T ∈ L(H), we write σ(T ) for the spectrum of T . An operator T ∈ L(H) is said to have the single valued
extension property if for any analytic function f : D → H , D ⊂ C open, with (λ − T )f (λ) ≡ 0, it results f (λ) ≡ 0.
For an operator T ∈ L(H) having the single valued extension property and for x ∈ H we can consider the set ρT (x)
of elements λ0 ∈ C such that there exists an analytic function f (λ) defined in a neighborhood of λ0, with values in H ,
which verifies (λ − T )f (λ) ≡ x. An operator T ∈ L(H) is said to satisfy the property (β) if for every open subset G
of C and every sequence fn : G → H of H -valued analytic functions such that (λ−T )fn(λ) converges uniformly to 0
in norm on compact subsets of G, then fn(λ) converges uniformly to 0 in norm on compact subsets of G (see [4]).
An operator T ∈ L(H) is said to be p-hyponormal, 0 < p  1, if (T ∗T )p  (T T ∗)p where T ∗ is the adjoint
of T . If p = 1, T is called hyponormal and if p = 12 , T is called semi-hyponormal. Semi-hyponormal operators were
introduced by Xia (see [16]), and p-hyponormal operators for a general p, 0 < p < 1, have been studied by Aluthge.
Any p-hyponormal operators are q-hyponormal if q  p by Löwner’s theorem (see [14]). But there are examples to
show that the converse of the above statement is not true (see [2]).
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1236 I. Kim et al. / J. Math. Anal. Appl. 340 (2008) 1235–1240Let R and S be in L(H) and let C(R,S) : L(H) → L(H) be defined by C(R,S)(A) = RA − AS. Then
C(R,S)k(I ) =
k∑
j=0
(−1)k−j
(
k
j
)
RjSk−j . (1)
Definition 1.1. Let R ∈ L(H). If there is an integer k  1 such that an operator S satisfies C(R,S)k(I ) = 0, we say
that S belongs to Helton class of R with order k. We denote this by S ∈ Heltonk(R).
Definition 1.1 is based on [1,8,9]. Some of the present authors studied the Helton class of p-hyponormal operators
(see [10,11]). A bounded linear operator S on H is called scalar of order m if it posesses a spectral distribution of
order m, i.e., if there is a continuous unital morphism of topological algebras
Φ : Cm0 (C) −→ L(H)
such that Φ(z) = S, where z stands for the identity function on C, and Cm0 (C) stands for the space of compactly
supported functions on C, continuously differentiable of order m, 0m∞. An operator is subscalar if it is similar
to the restriction of a scalar operator to an invariant subspace (see [5,6,12,15]).
In this paper we show that the nilpotent perturbation of operators in the Helton class of p-hyponormal operators
has scalar extensions. As a corollary we get that the nilpotent perturbation of each operator in the Helton class of
p-hyponormal operators has a nontrivial invariant subspace if its spectrum has nonempty interior in the plane.
2. Preliminaries
Let z be the coordinate in the complex plane C and let dμ(z) denote the planar Lebesgue measure. Fix a complex
(separable) Hilbert space H and a bounded (connected) open subset U of C. We shall denote by L2(U,H) the Hilbert
space of measurable functions f : U → H , such that
‖f ‖2,U =
(∫
U
∥∥f (z)∥∥2 dμ(z)) 12 < ∞.
The space of functions f ∈ L2(U,H) which are analytic functions in U (i.e., ∂¯f = 0) is defined by
A2(U,H) = L2(U,H) ∩O(U,H)
where O(U,H) denotes the Frechet space of H -valued analytic functions on U with respect to uniform topology.
A2(U,H) is called the Bergman space for U . Note that A2(U,H) is a Hilbert space. We denote by P the orthogonal
projection of L2(U,H) onto A2(U,H).
Let us define now a special Sobolev type space. Let U be again a bounded open subset of C and m be a fixed non-
negative integer. The vector valued Sobolev space Wm(U,H) with respect to ∂¯ and of order m will be the space of
those functions f ∈ L2(U,H) whose derivatives ∂¯f, . . . , ∂¯mf in the sense of distributions still belong to L2(U,H).
Endowed with the norm
‖f ‖2Wm =
m∑
i=0
∥∥∂¯ if ∥∥22,U
Wm(U,H) becomes a Hilbert space contained continuously in L2(U,H).
Let U be a (connected) bounded open subset of C and let m be a non-negative integer. The linear operator M of
multiplication by z on Wm(U,H) is continuous and it has a spectral distribution of order m, defined by the functional
calculus
ΦM : Cm0 (C) −→ L
(
Wm(U,H)
)
, ΦM(f ) = Mf .
Therefore, M is a scalar operator of order m.
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In this section we show that the nilpotent perturbation of operators in the Helton class of p-hyponormal operators
has scalar extensions.
Lemma 3.1. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1 and let T = S +Q where S ∈ Heltonk(R),
SQ = QS, and Qm = 0. If {fn} is a sequence in W 4km(D,H) such that limn→∞ ‖(λ − T )∂¯ifn‖2,D = 0 for
i = 1,2, . . . ,4km where D is a bounded disk which contains σ(T ), then limn→∞ ‖(λ − S)∂¯ifn‖2,D = 0 for
i = 1,2, . . . ,4k.
Proof. If
lim
n→∞
∥∥(λ − T )∂¯ifn∥∥2,D = 0 (2)
for i = 1,2, . . . ,4km, then
lim
n→∞
∥∥(λ − S)∂¯ifn − Q∂¯ifn∥∥2,D = 0 (3)
for i = 1,2, . . . ,4km. Since SQ = QS, we have
lim
n→∞
∥∥(λ − S)∂¯i(Qrfn)− Qr+1∂¯ ifn∥∥2,D = 0 (4)
for i = 1,2, . . . ,4km and r = 0,1, . . . ,m − 1. In particular, if r = m − 1, then
lim
n→∞
∥∥(λ − S)∂¯i(Qm−1fn)∥∥2,D = 0 (5)
for i = 1,2, . . . ,4km.
Claim. limn→∞ ‖(λ − S)∂¯i(Qm−lfn)‖2,D = 0 for i = 1,2, . . . ,4k(m + 1 − l) and l = 1,2, . . . ,m.
We prove this claim by induction. If l = 1, it is clear from Eq. (5). We assume that the above claim holds for some
given l = 1,2, . . . ,m − 1. Indeed,
lim
n→∞
∥∥(λ − S)∂¯i(Qm−lfn)∥∥2,D = 0 (6)
for i = 1,2, . . . ,4k(m + 1 − l) and l = 1,2, . . . ,m − 1.
We only need to verify that
lim
n→∞
∥∥(λ − S)∂¯i(Qm−(l+1)fn)∥∥2,D = 0
for i = 1,2, . . . ,4k(m − l) and l = 2, . . . ,m − 1. Since S is a subscalar operator of order 4k by [10], there exists a
constant C from [7] such that
∥∥∂¯ iQm−lfn∥∥2,D  C
i+4k∑
r=i
∥∥(λ − S)∂¯rQm−lfn∥∥2,D
for i = 1,2, . . . ,4k(m − l) and l = 1,2, . . . ,m − 1. From (6) we get that
lim
n→∞
∥∥∂¯ iQm−lfn∥∥2,D = 0 (7)
for i = 1,2, . . . ,4k(m − l) and l = 1,2, . . . ,m − 1. From (7) and (4) we have
lim
n→∞
∥∥(λ − S)∂¯i(Qm−(l+1)fn)∥∥2,D = 0
for i = 1,2, . . . ,4k(m − l) and l = 2, . . . ,m − 1. So this completes the proof of the claim stated above.
Let us come back now to the proof of Lemma 3.1. By the claim (with l = m), the following equation holds
lim
n→∞
∥∥(λ − S)∂¯ifn∥∥2,D = 0 (8)
for i = 1,2, . . . ,4k. 
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quence in W 4k(D,H) such that limn→∞ ‖(R − λ)k∂¯ifn‖2,D = 0 for i = 1,2, . . . ,4k, then
limn→∞ ‖(I − P)fn‖2,D0 = 0 for every disk D0 strictly contained in D where P denote the orthogonal projection of
L2(D,H) onto the Bergman space A2(D,H).
Lemma 3.3. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1 and let T = S +Q where S ∈ Heltonk(R),
SQ = QS, and Qm = 0. If D is a bounded disk which contains σ(T ), then the operator V : H → H(D) defined by
V h = 1 ⊗ h + (λ − T )W 4km(D,H) (=˜1 ⊗ h)
is one-to-one and has closed range where
H(D) = W 4km(D,H)/(λ − T )W 4km(D,H)
and 1 ⊗ h denotes the constant function sending any z ∈ D to h.
Proof. It suffices to prove the following assertion: if hn ∈ H and fn ∈ W 4km(D,H) are sequences such that
lim
n→∞
∥∥(λ − T )fn + 1 ⊗ hn∥∥W 4km = 0, (9)
then limn→∞ hn = 0.
By the definition of the norm of Sobolev space, the assertion (9) implies
lim
n→∞
∥∥(λ − T )∂¯ifn∥∥2,D = 0 (10)
for i = 1,2, . . . ,4km. Hence by Lemma 3.1, we have
lim
n→∞
∥∥(λ − S)∂¯ifn∥∥2,D = 0 (11)
for i = 1,2, . . . ,4k. Since S ∈ Heltonk(R), we get that for i = 1,2, . . . ,4k
lim
n→∞
∥∥∥∥∥
k∑
j=0
(−1)k−j
(
k
j
)
RjSk−j ∂¯ ifn − (R − λ)k∂¯ifn
∥∥∥∥∥
2,D
= lim
n→∞
∥∥∥∥∥
k∑
j=0
(
k
j
)
(R − λ)j (λ − S)k−j ∂¯ ifn − (R − λ)k∂¯ifn
∥∥∥∥∥
2,D
= lim
n→∞
∥∥∥∥∥
k−1∑
j=0
(
k
j
)
(R − λ)j (λ − S)k−j ∂¯ ifn
∥∥∥∥∥
2,D
 lim
n→∞
∥∥∥∥∥
k−1∑
j=0
(
k
j
)
(R − λ)j (λ − S)k−j−1
∥∥∥∥∥∥∥(λ − S)∂¯ifn∥∥2,D
= 0.
Hence we have limn→∞ ‖(R − λ)k∂¯ifn‖2,D = 0 for i = 1,2, . . . ,4k. Then Lemma 3.2 can be applied to get
lim
n→∞
∥∥(I − P)fn∥∥2,D0 = 0 (12)
where a disk D0 is strictly contained in D. Now we apply (9) to (12). Then we get
lim
n→∞
∥∥(λ − T )Pfn + 1 ⊗ hn∥∥2,D0 = 0.
Let Γ be a curve in D0 surrounding σ(T ). Then for λ ∈ Γ
lim
∥∥Pfn(λ) + (λ − T )−1(1 ⊗ hn)∥∥= 0
n→∞
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lim
n→∞
∥∥∥∥ 12πi
∫
Γ
Pfn(λ)dλ + hn
∥∥∥∥= 0.
But since
∫
Γ
Pfn dz = 0 by Cauchy’s theorem, limn→∞ hn = 0. Hence V is one-to-one and has closed range. 
Theorem 3.4. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1. If T = S + Q where S ∈ Heltonk(R),
SQ = QS, and Qm = 0, then T is a subscalar operator of order 4km.
Proof. Consider an arbitrary bounded open disk D of the complex plane C containing σ(T ) and 0 and the quotient
space
H(D) = W 4km(D,H)/(λ − T )W 4km(D,H)
endowed with the Hilbert space norm. The class of a vector f or an operator A on H(D) will be denoted by f˜ ,
respectively A˜. Note that M , the multiplication operator with z on W 4km(D,H), leaves invariant ran(λ − T ), hence
M˜ is well-defined. Moreover, the spectral distribution Φ of M commutes with λ − T , therefore M˜ is still a scalar
operator of order 4km, with Φ˜ as spectral distribution.
Let V be the operator V (h) =˜1 ⊗ h, from H into H(D), denoting by 1 ⊗ h the constant function h. Then V T =
M˜V . Indeed, V T h =˜1 ⊗ T h =˜λ ⊗ h = M˜(˜1 ⊗ h) = M˜V h for any h ∈ H . Since ranV is an invariant subspace for
M˜ and V is one-to-one and has closed range by Lemma 3.3, T is a subscalar operator of order 4km. 
Corollary 3.5. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1 and let T = S + Q be where S ∈
Heltonk(R), SQ = QS, and Qm = 0. If σ(T ) has nonempty interior, then T has a nontrivial invariant subspace.
Proof. The proof follows from Theorem 3.4 and [6]. 
Corollary 3.6. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1. If T = S + Q where S ∈ Heltonk(R),
SQ = QS, and Qm = 0, then it has the property (β). Hence it satisfied the single valued extension property.
Proof. Since every scalar operator has the property (β) (see [15]) and the property (β) is transmitted from an operator
to its restrictions to closed invariant subspaces, it follows from Theorem 3.4 that any operator T has the property (β).
Hence it satisfied the single valued extension property. 
Corollary 3.7. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1. If T = S + Q where S ∈ Heltonk(R),
SQ = QS, and Qm = 0, then it is power regular (i.e., limn→∞ ‖T nx‖ 1n exists for every x ∈ H ).
Proof. It is known from Theorem 3.4 that an operator T is similar to the restriction of a scalar operator to one of
its invariant subspace. Since a scalar operator is power regular and the restriction of power regular operators to their
invariant subspaces clearly remains power regular, an operator T is power regular. 
The referee suggested a simple proof of the following proposition.
Proposition 3.8. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1. If ST ∈ Heltonk(R), then T S is
subscalar.
Proof. If ST ∈ Heltonk(R), then ST is subscalar by Theorem 3.4. Then by [3], T S is subscalar. 
Corollary 3.9. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1 and let S = U |S| be the polar decompo-
sition of S. If S ∈ Heltonk(R), then Sˆ = |S|U and S˜ = |S| 12 U |S| 12 have the property (β). If Sˆ = |S|U ∈ Heltonk(R),
then S and S˜ have the property (β). If S˜ = |S|U |S| ∈ Heltonk(R), then S and Sˆ have the property (β).
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tion 3.8. 
The following proposition is a simple consequence of [13, Lemma 3.4.8].
Proposition 3.10. Let R ∈ L(H) be a p-hyponormal operator where 0 < p  1. If {Sn} is a sequence in Heltonk(R)
such that limn→∞ ‖Sn − S‖ = 0, then S has the property (β).
Proof. If {Sn} is a sequence in Heltonk(R) such that limn→∞ ‖Sn − S‖ = 0, then
lim
n→∞
∥∥∥∥∥
k∑
j=0
(−1)k−j
(
k
j
)
RjSn
k−j −
k∑
j=0
(−1)k−j
(
k
j
)
RjSk−j
∥∥∥∥∥
 lim
n→∞
k∑
j=0
(
k
j
)∥∥Rj∥∥∥∥Snk−j − Sk−j∥∥
 lim
n→∞
k∑
j=0
(
k
j
)
‖R‖j
(
k−j−1∑
i=0
‖Sn‖k−j−1−i‖S‖i
)
‖Sn − S‖ = 0.
Since
∑k
j=0(−1)k−j
(
k
j
)
RjS
k−j
n = 0 for all n, S ∈ Heltonk(R). By [10], S has the property (β). 
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